We investigate the causal structure of general nonlinear electrodynamics and determine which Lagrangians generate an effective metric conformal to Minkowski. We also proof that there is only one analytic nonlinear electrodynamics presenting no birefringence.
Introduction
The validity of the Principle of Superposition is one of the cornerstones of Maxwell Electrodynamics. At macroscopic level and in the vacuum, there are plenty of experiments which prove such linearity at high confidence level. Notwithstanding, in material media [1] or when high intensity microscopic fields [2, 3] or quantum effects [4, 5, 6] are involved, it is well known that nonlinear effects can arise. From the theoretical point of view, extensions of Maxwell theory are proposed to deal with divergences [3, 7] or they emerge from more general theories, e.g. higher order gauge theories [8] and string theory [9, 10, 11] .
Nonlinear electrodynamics in material media have been considered as a way to implement analog black holes [12] and many cosmological effects of nonlinear electrodynamics have been investigated [13, 14, 15] , as well as the impact of these nonlinear fields on the structure of gravitational black holes [16] .
In this work , we deal with photon propagation on general nonlinear electrodynamics. There are at least three different approaches to this problem, due to Boillat [17] , Bialynicka-Birula and BialynickiBirula [18] and Novello and collaborators [19] . In all these case, the propagation can be described by means of an effective metric as a gravitational analog. Here we work with the Boillat-Birula metric since it is conformally equivalent to Novello's one (see appendix A for more details).
The analysis of photon propagation in nonlinear theories is essential to determine the causal structure of the theory. Up to now, this has been done only for a special class of Lagrangians satisfying
µνρσ f ρσ and f µν = ∂ µ A ν − ∂ ν A µ . Here, we extend the study of effective metrics to include σ 1 = 0. Using this general formulation for the effective metric, we deal with the problem of finding which nonlinear electrodynamics preserve the structure of the lightcone, i.e., what is the form of the Lagrangians whose effective metric is conformal to the Minkowski one. We find that there is only one special Lagrangian conformal to Minkowski in all space-time directions, corresponding to add a topological term to the Maxwell Lagrangian. Relaxing the analysis to break the isotropy of photon propagation, we find that there is only a unique analytical Lagrangian which is conformal to Minkowski in one direction. On the other hand, if analyticity (and consequently the Maxwell limit) is dismissed, then we proof that it is possible to construct many Lagrangians conformal to Minkowski space-time.
A second important issue when analyzing nonlinear electrodynamics is the existence of birefringence. Using our previous results and a series expansion, we find that there is only one possible analytic Lagrangian for the nonlinear electrodynamics without birefringence. This Lagrangian is a generalization of the Born-Infeld, which is recovered demanding that the generalization has a smooth limit to the Maxwell theory. Here again it is possible to find other no birefringent electrodynamics only if the Lagrangian is not analytic, implying in no Maxwell limit. It is important to stress that these results have already been obtained using a different approach [20, 21] .
The paper is organized as follows. In section 2 we review how to obtain the effective metric and generalize the derivation to include the condition (1). Then we deal in section 3 with the problem of finding which are the possible Lagrangian densities whose effective metric is conformal to Minkowski and in section 4 we give a new proof that there is only one analytic Lagrangian function with no birrefringence. Finally, in section 5 we present our final remarks.
Nonlinear electrodynamics and effective metrics
The Euler-Lagrange equations for a general nonlinear electrodynamics are
. As in Ref. [18] we assume that the total electromagnetic field is composed by strong constant field F µν and a weak varying wave field φ µν , i.e. f µν = F µν + φ µν . In the first order with respect to φ µν the Euler-Lagrange equations become
Searching for solutions of the form
where a µ ≡ F µν k ν ,â µ ≡ F * µν k ν , b µ ≡ F µν a ν , and rewrite the field equations, we get a pair of equations for α and β:
with a 2 = η µν a µ a ν . We find that γ remains undetermined and δ = 0 (above and henceforth the notation
.., is considered). Nontrivial solutions are obtained when the determinant of this system of equations vanish, i.e. when
where
Eq. (2) is a second order equation for k 2 and its solution depends on values assumed by σ 1 , σ 2 and σ 3 . In Ref. [18] the author consider some particular cases, for instance the cases with σ 1 = 0 where the nonlinear terms are only small perturbations of the Maxwell theory. Here we extend this analysis and consider the different solutions obtained for different values of the parameters of the equation.
σ
First we analyze the case σ 1 = 0, σ 2 = 0. We obtain a dispersion relation
with an effective metric given by
Note that in the limit where the constant field F µν vanishes, the effective metric becomes the expected Minkowski metric.
σ 1 = 0
For σ 1 = 0 the solution for Eq.(2) becomes
which is also a dispersion relation g µν ef f ± k µ k ν = 0, but now two different effective metrics are obtained:
In the context of nonlinear electrodynamics the existence of two different metrics satisfying a dispersion relation indicates that are two geodesics followed by light (wave perturbation). This is known as the effect of birefringence.
This system of equations is satisfied only 1 if L = L (G) and in this case we should consider not Eq. (2) itself but the original system that for α and β. In this case, it is easy to check that the following equation has to be satisfied:
For a general (G−dependent) Lagrangian and for α independent of β the conditions
have to be satisfied simultaneously. These are dispersion relations and they allow us to find the effective metrics:
This way two effective metrics are found. The metric g µν ef f (a) = η µν is the effective one for the components of ε µ propagating in the a µ direction while g µν ef f (â) = F η µν − 2F ρµ F ν ρ is the effective metric for the components of ε µ in theâ µ direction.
Conformal metrics
Now we turn to the problem of finding those effective metrics that are conformal to Minkowski. As verified earlier, the effective metric is obtained from a solution for a second order equation, Eq.(2), which is parameter dependent (σ i , i = 1, 2, 3). To look for the metrics that are conformal to Minkowski we separate the cases according to possible values assumed by σ 1 .
σ 1 = 0
For σ 1 = 0 we have verified that two effective metrics arise. We will consider the form given by Eq. (6) . To obtain a metric conformal to Minkowski the square brackets multiplying F ρµ F ν ρ must vanish. Two cases are considered below. The first one is the case where both effective metrics are conformal to Minkowski. The second one is the case where only one of the effective metrics is conformal.
Full conformity (σ
The case where both effective metrics are conformal to Minkowski is the one where both coefficients
simultaneously. If we trace calculations back to Eq.(2), it is straightforward to verify that this corresponds to taking σ 2 = σ 3 = 0.
Once ∆ is composed by the sum of two positive terms -see
The first one can be replaced in Eq. (8) leading to
The condition L F = 0 is not of our interest since this would lead to σ 1 = 0, what is inconsistent with our assumption. Eq. (9) becomes
Finally, we backsubstitute this result in Eq. (7) and it follows:
So, taking σ 2 = σ 3 = 0, we conclude that the Lagrangians that lead to metrics that are conformal to Minkowski are of the type
i.e. Lagrangians that are a linear combination of F and G. This Lagrangian is the sum of the Maxwell Lagrangian and a linear function of G. Such Lagrangian changes the energy-momentum content of the theory but has no effect on the usual Maxwell field equations due to Bianchi identities.
Conformity in one direction
The case in which σ 2 = 0,
and we have
For σ 2 < 0, we have g µν ef f + ↔ g µν ef f − so that either if σ 2 < 0 or σ 2 > 0 one of the effective metrics is conformal to Minkowski metric. In this case the conformity is obtained in only one direction of propagation.
The Lagrangians that satisfy σ 3 = 0 were analyzed assuming analyticity at (F, G) = (0, 0). A general form of the Lagrangian is found to be
where a, b, c, e are constants and D ≡ ae − bc = 0 (if D = 0 then the particular solution L = f (aF + bG) should be considered). If we do not claim analyticity at (F, G) = (0, 0), other solutions can be found, for instance,
3.2 σ 1 = 0 and σ 2 = 0
For σ 1 = 0 and σ 2 = 0 as can be seen in Eq.(4) conformity to Minkowski is obtained when the
This is equivalent to consider σ 3 = 0. As mentioned above, the Lagrangians (analytical at (F, G) = (0, 0)) that satisfy this condition are those of the type given in Eq. (11) . However, we are also considering σ 1 = 0 so an extra condition has to be satisfied:
with
We define
, and verify which restrictions Eq.(12) implies on L = f (X) + Y . It is important to note that we are considering D = ae − bc = 0. With this change of variables Eq.(12) becomes:
Since f is only X−dependent, if we take the term in the square brackets to be null then we conclude that this equation has a solution only if a 2 + b 2 = 0. This implies either a = ±ib with b = 0 or b = a = 0 ⇒ D = 0. If we restrict our analysis to real Lagrangians, then
This means that conformity of the effective metric is obtained only with Lagrangians that are linear in G. However, we have to remember that Eq.(13) also has to be satisfied. This does not occur for this Lagrangian. So we conclude that there are no effective metrics conformal to Minkowski for σ 1 = σ 3 = 0 and D = 0. Now we will check if D = 0 leads to a conformal metric. In this case, the general solution is
As before, either we have a complex Lagrangian (a 2 + b 2 = 0) or
This is not compatible with Eq.(13). We conclude that it is not possible to find an analytical Lagrangian (at (F, G) = (0, 0)) that leads to an effective metric conformal to Minkowski if σ 1 = 0 and σ 2 = 0.
3.3 σ 1 = σ 2 = 0.
Finally for σ 1 = σ 2 = 0, we have found
and it is trivial to see that there is conformity to Minkowski in only one direction.
Summary of the Lagrangians associated with a conformal metric
We summarize the results obtained above. There is only one Lagrangian whose effective metrics are completely conformal to Minkowski: L = aG + cF . In this case, the effective metric is simply
If we consider the case where only one of the effective metrics is conformal to Minkowski, we find L = f (aF + bG) + cF + eG. The effective conformal metric in this case is
These are the metrics that preserve the light cone of the Maxwell theory.
Analysis of no-birefringence
Now we turn to the problem of analyzing the Lagrangians that do not present birefringence. We have already checked that for σ 1 = 0, σ 2 = 0 there is only one effective metric, so no birefringence occurs. The equation σ 1 = 0 is nonlinear so finding an analytical solution is not trivial. If we suppose that the solutions are analytical at (F, G) = (0, 0), then a series expansion can be proposed. Our analysis shows that only L (G) Lagrangians satisfies σ 1 = 0 . However, these Lagrangians do not obey the constraint σ 2 = 0. Therefore, it is not possible to find Lagrangians with no birefringence with σ 1 = 0, σ 2 = 0.
The other possibility is to consider the case where ∆ = 0 (when σ 1 = 0) in Eq.(6). Since ∆ is composed by the sum of two square quantities, we must take
simultaneously. These are nonlinear equations whose solutions are not trivial to obtain. However it is easy to verify that a proper combination of them leads to
This is a linear equation and if we suppose L to be analytical at (F, G) = (0, 0) then it can be decomposed as a series:
Recurrence relations are found to be
from which follows 2 a m(1+2n) = 0 n = 0, 1, 2, ..., m = 1, 2, ...
We notice that there are infinite parameters to be determined if we consider only the linearized equation. In order to constrain the parameters we have to substitute this series in one of the nonlinear equations. This procedure is responsible for establishing new constraints for the parameters. However, the substitution of a series in a nonlinear equation leads to nontrivial recurrence relations and not always is possible to find a closed expression. So we chose to use the series in Eq. (15) and analyze the relations order by order. In particular, up to fourth-order in the Lagrangian (i.e. i + k ≤ 4 in Eq. (17) ) we find
(1)(0)
2 See Appendix B for more details.
This is the series of the Lagrangian
when it is expanded up to the considered order and with the proper identification of constant parameters:
The Lagrangian presented in Eq. (19) satisfies the condition ∆ = 0. In particular if we impose that the Maxwell theory is obtained in the limit
1, then we are forced to constrain the parameters C 0 , C 1 and C 2 in such a way that the Lagrangian becomes
which is the Born-Infeld Lagrangian. So Eq. (19) can be seen as a generalization of the Born-Infeld Lagrangian once it allows the existence of non-maxwellian limits. That generalization is the unique possible Lagrangian to show no birefringence when the condition σ 1 = 0 is taken into account. Except for the term C 2 G, this result is consistent with the one obtained by G. Boillat [17] , S. Deser et al. [20] and J. Plebanski [22] . As stated before, from the point of view of the field equations this term has no contribution, so we are lead to the same conclusion that Boillat obtained. However, it is important to stress that this topological term could have observational effects on the energy-momentum content of the theory. An important observation of the result presented above is that analyticity at (F, G) = (0, 0) was a key point in the analysis. If we do not take it into account, other solutions can be found. For instance, if we admit the solution to be separable in Eq. (16) we find that the Lagrangian
satisfies Eqs. (14) and (15) with C 3 being constant. This is an acceptable mathematical solution although it does not show a maxwellian limit. This Lagragngian was also found by Plebanski [22, 23] .
Final Remarks
Light propagation on nontrivial background is a known branch of physics [22] . In material media it means that the surrounding charges induce modifications in the equations of motion, which is described by nonlinearities of the field. In the vacuum, virtual pairs induce analog effects called the vacuum polarization which occurs above the Schwinger limit E cr = B cr = m 2 c 2 /e ≈ 1.3×10 18 V /m ≈ 4.4×10 13 GeV . In recent years the light cone conditions derived from the causal structure of the QED 4 gauge sector was investigated under the influence of several kinds of nontrivial backgrounds [24, 25] using an averaging procedure over polarization states. However, This study excludes the birefringence phenomena. Here we have studied the causal structure of general nonlinear effective electrodynamics and found what kind of Lagrangian functions give rise to an effective metric conformal to Minkowski. The class of Lagrangians derived here includes the possibility of birefringence and can be tested experimentally using the data of several experiment as, e.g., the PVLAS collaboration [26] in order to constrain their theoretical parameters. We also proved that there is only one special Lagrangian (19) which present no birefringence and, if the Maxwell limit is required, it turns to be the BornInfeld electrodynamics. As a byproduct we have shown that all the three current approachs to the electromagnetic effective metric are conformally equivalent to each other.
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A Appendix: Conformal Equivalence
The effective metric obtained from [17] and [18] can be compared directly after some notational translations. However, the effective metric obtained in [19] is only conformal equivalent to the first two. Such difference has its origin on two different ways to describe the perturbations on the electromagnetic field, using eikonal/plane wave approximation [17, 18] or by means of Hadamard theory [27, 28] . This subtlety is important because the conformal factor connecting Boillat-Birula metric with Novello's one can vanish in some interesting cases.
Although the physical motivations of each approach are different, it is possible to show that they are equivalent up to conformal factors. Using the proper notation, it can be verified that the metrics presented in Eq. (6) and Ref. [17] are equivalent while the one given in Ref. [19] ,
is not. In this expression,
Although Eq.(6) and Eq. (20) are not equivalent, it is straight to show that they are conformal to each other:
µν ef f ± , so that each of the metrics identified by + and − in Eq. (20) is equivalent to one of those given in Eq.(6) by a conformal factor, which are (G (L GF + Ω + L GG ) + L F ) and (G (L GF + Ω − L GG ) + L F ), respectively. This conformal factor can vanish in some of the cases studied above, turning the analysis simpler when one uses the metric g µν ef f ± .
B Appendix: Recurrence relations
The analysis of the recurrence relations Eq. (18) shows that the relations for the odd and even coefficients of the first index of a ij are separated: If the series is supposed to converge then the following convergence conditions must be imposed: for the odd part of the series.
